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In this investigation, the effect of material nonhomogeneity on the mechanical behaviors of a thick-
walled sandwich cylindrical structure embedded with a functionally graded (FG) interlayer is investi-
gated. The inner of the sandwich cylindrical structure is a homogeneous and isotropic layer. The outer
is a homogeneous and orthotropic layer and the middle is a transition layer. A three-parameter model
is presented to model the transitional form of the FG interlayer. The laminate approach method is
employed to tackle the material nonhomogeneity. The analytical solutions are obtained by employing
the initial parameter method. Numerical results show that the material nonhomogeneity plays important
roles on the mechanical behaviors of a sandwich cylindrical structure.
 2012 Elsevier B.V. Open access under CC BY-NC-ND license.1. Introduction
Cylindrical structures are one of the widely used conﬁgurations,
such as pressure vessels, pipes, ﬂuid reservoirs, tubes etc. Numer-
ous investigations have been done for the cylindrical structures
made of homogenous materials [1–5].
To satisfy the engineering requirement, the key issue is to im-
prove the mechanical behaviors of the cylindrical structures. One
feasible way is by choosing a proper material. But in some cases,
the usage of the commaterial is hardly to match the engineering
requirements. The composite materials and the multilayered struc-
tures are then designed for this special purpose. Due to their prac-
ticability and superiority, the multilayered cylindrical structures
have been widely used in modern engineering and many investiga-
tions have been carried out [6–8]. For multilayered cylindrical
structures, the interface is always a weak part due to the mismatch
of the material properties.
With the developments in material engineering, the fabrica-
tions of the nonhomogeneous materials become a reality. The non-
homogeneous materials are also called as functionally grade
materials (FGMs). Practically, the use of FGMs can improve the
bonding strength at the interface and reduce the interfacial effect
between the bonded dissimilar materials. The studies on the struc-
tures composed of the FGMs have been increasingly interested by
the engineers and scientists and many important works on cylin-
ders, shells and plates have been reported [9–22].ax: +86 571 8795 2570.
ang).
-NC-ND license.To understand and improve the performance of the newly
designed engineering structures, it is necessary to make a compre-
hensive analysis on the mechanical behaviors. In this investigation,
an analytical solution is obtained for a thick-walled sandwich
cylindrical structure with a FG interlayer. Based on the obtained
solution, the effect of the material nonhomogeneity on the
mechanical behaviors is investigated.2. Mechanical model
Consider an inﬁnitely long thick-walled sandwich hollow cylin-
der of inner radius a and outer radius b. The inner is an isotropic
tube of outer radius r1. The outer is an orthotropic tube of inner ra-
dius r2. The middle is a functionally graded interlayer. The geome-
try of the cross section of the sandwich hollow cylinder and the
coordinate system (r, h) is shown in Fig. 1. In the following, the
quantities with the superscripts ‘‘1’’, ‘‘2’’ and ‘‘3’’ denote respec-
tively, those for layer 1 (inner part – homogeneous and isotropic),
layer 2 (middle part – FG) and layer 3 (outer part – homogeneous
and orthotropic). For axisymmetric plane strain dynamic problem,
the three-dimensional equations of the motion are simpliﬁed as
@rðiÞrr
@r
þ r
ðiÞ
rr  rðiÞhh
r
¼ qðiÞ @
2uðiÞr
@t2
; ð1Þ
where i ¼ 1; 2; 3:uðiÞr is the radial displacement. rðiÞrr and rðiÞhh are the
radial and hoop stresses, respectively. q(i) is the mass density with
qð1Þ ¼ q0; qð2Þ ¼ qðrÞ; qð3Þ ¼ qr0: ð2Þ
The strain–displacement–stress relations are expressed as
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Fig. 1. The geometry of the cross section and the coordinate system.
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@uðiÞr
@r
¼ sðiÞ11rðiÞrr þ sðiÞ12rðiÞhh ;
eðiÞhh ¼
uðiÞr
r
¼ sðiÞ12rðiÞrr þ sðiÞ22rðiÞhh ;
ð3Þ
where sðiÞ11; s
ðiÞ
12 and s
ðiÞ
22 are the elastic compliance coefﬁcients which
can be expressed by the engineering constants as [23]
sð1Þ11 ¼ sð1Þ22 ¼
1 t20
E0
; sð1Þ12 ¼ 
t0ð1þ t0Þ
E0
;
sð3Þ11 ¼
1
Er0
 t
2
zr0
Ez0
; sð3Þ22 ¼
1
Eh0
 t
2
zh0
Ez0
;
sð3Þ12 ¼ 
thr0
Eh0
þ tzr0tzh0
Ez0
 
;
ð4aÞ
and
sð2Þ11 ¼
1
ErðrÞ 
t2zrðrÞ
EzðrÞ ; s
ð2Þ
22 ¼
1
EhðrÞ 
t2zhðrÞ
EzðrÞ ;
sð2Þ12 ¼ 
thrðrÞ
EhðrÞ þ
tzrðrÞtzhðrÞ
EzðrÞ
 
:
ð4bÞ
where E0 and t0 are Young’s modulus and Poisson’s ratio of the iso-
tropic materials (inner part). Er0; Eh0; Ez0, thr0; tzr0; tzh0 are the
engineering constants of cylindrically orthotropic materials (outer
part). A three-parameter model is employed to model the variation
forms of the material properties of the FG interlayer.
EiðrÞ ¼ aE0f1ðrÞ þ bEi0f2ðrÞ þ cðbEi0  aE0Þf1ðrÞf2ðrÞ
tijðrÞ ¼ at0f1ðrÞ þ btij0f2ðrÞ þ cðbtij0  at0Þf1ðrÞf2ðrÞ ði; j ¼ r; h; zÞ
qðrÞ ¼ aq0f1ðrÞ þ bqr0f2ðrÞ þ cðbqr0  aq0Þf1ðrÞf2ðrÞ:
ð5aÞ
where
f1ðrÞ ¼ r2  rr2  r1 ; f 2ðrÞ ¼
r  r1
r2  r1 ðr1 6 r 6 r2Þ: ð5bÞ
Here a, b and c are three gradient parameters which can be selected
according to the engineering practices. Especially, the case for a = 1
means that the material properties between layers 1 and 2 are com-
pletely matched. And the case for b = 1 means that the material
properties between layers 2 and 3 are completely matched. When
choosing different c, the variation form of the material properties
in the FG interlayer can be tuned.
Eq. (3) can be rewritten asrðiÞrr ¼ cðiÞ11
@uðiÞr
@r
þ cðiÞ12
uðiÞr
r
;
rðiÞhh ¼ cðiÞ12
@uðiÞr
@r
þ cðiÞ22
uðiÞr
r
;
ð6Þ
where
cðiÞ11 ¼
sðiÞ22
W ðiÞ
; cðiÞ22 ¼
sðiÞ11
W ðiÞ
; cðiÞ12 ¼ 
sðiÞ12
W ðiÞ
; W ðiÞ ¼ sðiÞ11sðiÞ22  sðiÞ12sðiÞ12: ð7Þ
Particularly, for isotropic layer (inner part), we have
cð1Þ11 ¼ cð1Þ22 : ð8Þ3. Solutions
For harmonic vibrations with the angular frequency x, all the
ﬁelds vary harmonically. That is
fuðiÞr ðr; tÞ; rðiÞrr ðr; tÞ; rðiÞhhðr; tÞg ¼ fuðiÞðrÞ; rðiÞr ðrÞ; rðiÞh ðrÞg expðjxtÞ:
ð9Þ
where j ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
is the imaginary unit. exp (.) stands for exponential
function. For the sake of brevity, the harmonic factor exp (jxt) will
be dropped in the following equations.
Substituting Eq. (6) into Eq. (1) and utilizing Eq. (9), gives
d2uðiÞ
dr2
þ 1
r
duðiÞ
dr
þ k2i 
l2i
r2
 
uðiÞ ¼ 0; ð10Þ
with
ki ¼ x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qðiÞ=cðiÞ11
q
; li ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cðiÞ22=c
ðiÞ
11
q
: ð11Þ
For the homogeneous layers 1 and 3, ki and li (i = 1, 3) are con-
stants. The solution of Eq. (10) involves Bessel functions of the ﬁrst
and second kinds. Due to the material isotropy of layer 1, we have
l1 = 1. Then by means of the initial parameter method, the solutions
of displacement and radial stress in layer 1 (a 6 r 6 r1) can be ob-
tained as
uð1ÞðrÞ
rð1Þr ðrÞ
( )
¼ T
ð1Þ
11 ðk1rÞ Tð1Þ12 ðk1rÞ
Tð1Þ21 ðk1rÞ Tð1Þ22 ðk1rÞ
" #
uð1ÞðaÞ
rð1Þr ðaÞ
( )
; ð12Þ
with
Tð1Þ11 ðk1rÞ ¼
1
D1ðk1rÞ PY1ðk1aÞJ1ðk1rÞ  PJ1ðk1aÞY1ðk1rÞ
 
;
Tð1Þ12 ðk1rÞ ¼
1
D1ðk1rÞ J1ðk1aÞY1ðk1rÞ  Y1ðk1aÞJ1ðk1rÞ½ ;
Tð1Þ21 ðk1rÞ ¼
1
D1ðk1rÞ PY1ðk1aÞPJ1ðk1rÞ  PJ1ðk1aÞPY1ðk1rÞ
 
;
Tð1Þ22 ðk1rÞ ¼
1
D1ðk1rÞ J1ðk1aÞPY1ðk1rÞ  Y1ðk1aÞPJ1ðk1rÞ
 
;
D1ðk1rÞ ¼ J1ðk1aÞPY1ðk1aÞ  Y1ðk1aÞPJ1ðk1aÞ;
PJ1ðk1rÞ ¼ cð1Þ11
d
dr
þ cð1Þ12
1
r
 
J1ðk1rÞ;
PY1ðk1rÞ ¼ cð1Þ11
d
dr
þ cð1Þ12
1
r
 
Y1ðk1rÞ;
ð13Þ
where J1( ) and Y1( ) are Bessel functions of the ﬁrst and second
kinds of order 1. Similarly, the solutions of displacement and radial
stress in layer 3 (r2 6 r 6 b) can be obtained as
uð3ÞðrÞ
rð3Þr ðrÞ
( )
¼ T
ð3Þ
11 ðk3rÞ Tð3Þ12 ðk3rÞ
Tð3Þ21 ðk3rÞ Tð3Þ22 ðk3rÞ
" #
uð3Þðr2Þ
rð3Þr ðr2Þ
( )
; ð14Þ
with
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1
D3ðk3rÞ ½PY3ðk3r2ÞJl3 ðk3rÞ  PJ3ðk3r2ÞÞYl3 ðk3rÞ;
T ð3Þ12 ðk3rÞ ¼
1
D3ðk3rÞ ½Jl3 ðk3r2ÞYl3 ðk3rÞ  Yl3 ðk3r2ÞÞJl3 ðk3rÞ;
T ð3Þ21 ðk3rÞ ¼
1
D3ðk3rÞ ½PY3ðk3r2ÞPJ3ðk3rÞ  PJ3ðk3r2ÞPY3ðk3rÞ;
T ð3Þ22 ðk3rÞ ¼
1
D3ðk3rÞ ½Jl3 ðk3r2ÞPY3ðk3rÞ  Yl3 ðk3r2ÞPJ3ðk3rÞ;
D3ðk3rÞ ¼ Jl3 ðk3r2ÞPY3ðk3r2Þ  Yl3 ðk3r2ÞPJ3ðk3r2Þ;
PJ3ðk3rÞ ¼ cð3Þ11
d
dr
þ cð3Þ12
1
r
 
Jl3 ðk3rÞ;
PY3ðk3rÞ ¼ cð3Þ11
d
dr
þ cð3Þ12
1
r
 
Yl3 ðk3rÞ:
ð15Þ
where Jl3 ðÞ and Yl3 ðÞ are Bessel functions of the ﬁrst and second
kinds of order l3.
It is noted that k2 and l2 of FG interlayer are functions of radial
position r. For this case, Eq. (10) is very difﬁcult to be solved. Here,
the laminate approach method is employed to tackle the difﬁculty
raised by the material nonhomogeneity. The FG interlayer is ﬁcti-
tiously divided into N layers with equal thickness and the radii of
the ﬁctitious interface are denoted as
R0 ¼ r1; Rm ¼ r1 þmðr2  r1Þ=N ðm ¼ 1; 2;    ; NÞ: ð16Þ
In each sub-layer (Rm1 6 r 6 Rm), the material properties are trea-
ted as constants and are chosen as the values at the position of the
mean radius r = r2m = (Rm-1 + Rm)/2. Then the solution in each sub-
layer (Rm1 6 r 6 Rm) can be derived by following the treatment
same as those for homogeneous layer.
uð2;mÞðrÞ
rð2;mÞr ðrÞ
( )
¼ T
ð2;mÞ
11 ðk2mrÞ Tð2;mÞ12 ðk2mrÞ
Tð2;mÞ21 ðk2mrÞ Tð2;mÞ22 ðk2mrÞ
" #
uð2;mÞðRm1ÞÞ
rð2;mÞr ðRm1Þ
( )
;
ð17Þ
with
Tð2;mÞ11 ðk2mrÞ¼
1
D2ðk2mrÞ½PY2ðk2mRm1ÞJl2m ðk2mrÞPJ2ðk2mRm1ÞYl2m ðk2mrÞ;
Tð2;mÞ12 ðk2mrÞ¼
1
D2ðk2mrÞ½Jl2m ðk2mRm1ÞYl2m ðk2mrÞYl2m ðk2mRm1ÞJl2m ðk2mrÞ;
Tð2;mÞ21 ðk2mrÞ¼
1
D2ðk2mrÞ½PY2ðk2mRm1ÞPJ2ðk2mrÞPJ2ðk2mRm1ÞPY2ðk2mrÞ;
Tð2;mÞ22 ðk2mrÞ¼
1
D2ðk2mrÞ½Jl2m ðk2mRm1ÞPY2ðk2mrÞYl2m ðk2mRm1ÞPJ2ðk2mrÞ;
D2ðk2mrÞ¼ Jl2m ðk2mRm1ÞPY2ðk2mRm1ÞYl2m ðk2mRm1ÞPJ2ðk2mRm1Þ;
PJ2ðk2mrÞ¼ cð2Þ11 ðr2mÞ
d
dr
þ cð2Þ12 ðr2mÞ
1
r
 
Jl2m ðk2mrÞ; k2m ¼x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qð2Þðr2mÞ
cð2Þ11 ðr2mÞ
s
;
PY2ðk2mrÞ¼ cð2Þ11 ðr2mÞ
d
dr
þ cð2Þ12 ðr2mÞ
1
r
 
Yl2m ðk2mrÞ; l2m ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð2Þ22 ðr2mÞ
cð2Þ11 ðr2mÞ
vuut :
ð18Þ
Assuming the sandwich cylindrical structure is perfectly bonded at
the interface r = r1 = R0 and r = r2 = RN, then we have
uð2;1Þðr1Þ ¼ uð1Þðr1Þ; rð2;1Þr ðr1Þ ¼ rð1Þr ðr1Þ;
uð2;NÞðr2Þ ¼ uð3Þðr2Þ; rð2;NÞr ðr2Þ ¼ rð3Þr ðr2Þ
ð19aÞ
Due to the introduction of the ﬁctitious interfaces, the continuity
conditions should be supplemented. At each ﬁctitious interface
r ¼ Rm ðm ¼ 1;2;    ;N  1Þ, the displacement and the radial stress
should be continuous and the continuity conditions can be ex-
pressed as
uð2;mþ1ÞðRmÞ ¼ uð2;mÞðRmÞ; rð2;mþ1Þr ðRmÞ ¼ rð2;mÞr ðRmÞ
ðm ¼ 1;2;   N  1Þ: ð19bÞSetting r = b in Eq. (14) and utilizing Eqs. (12), (17) and (19a,b), we
arrive at
uð3ÞðbÞ
rð3Þr ðbÞ
( )
¼ H11 H12
H21 H22
 
uð1ÞðaÞ
rð1Þr ðaÞ
( )
; ð20Þ
where
H11 H12
H21 H22
 
¼ ½Tð3Þ½Tð2Þ½Tð1Þ;
½T ð1Þ ¼ T
ð1Þ
11 ðk1r1Þ Tð1Þ12 ðk1r1Þ
Tð1Þ21 ðk1r1Þ Tð1Þ22 ðk1r1Þ
" #
;
½T ð2Þ ¼
Y1
m¼N
Tð2;mÞ11 ðk2mRmÞ Tð2;mÞ12 ðk2mRmÞ
Tð2;mÞ21 ðk2mRmÞ Tð2;mÞ22 ðk2mRmÞ
" #
;
½T ð3Þ ¼ T
ð3Þ
11 ðk3bÞ T ð3Þ12 ðk3bÞ
Tð3Þ21 ðk3bÞ T ð3Þ22 ðk3bÞ
" #
;
ð21Þ
where
Q1
m¼NðÞ denotes a continuous multiply symbol from N to 1.
From the second equation in Eq. (20), we have
uð1ÞðaÞ ¼ 1
H21
rð3Þr ðbÞ  H22rð1Þr ðaÞ
 
: ð22Þ
Denoting Qa exp (jxt) and Qb exp (jxt) as the dynamic pressures ap-
plied on the internal and external surfaces of the sandwich cylindri-
cal structure, respectively, then the boundary conditions can be
expressed as (also, the harmonic factor exp (jxt) will be dropped
for the sake of brevity)
rð1Þr ðaÞ ¼ Qa; rð3Þr ðbÞ ¼ Qb: ð23Þ
The substitution of Eq. (23) into Eq. (22) gives
uð1ÞðaÞ ¼ Qb  H22Qa
H21
: ð24Þ
From Eq. (24), we learn that u(1)(a) becomes inﬁnitely large if
H21 ¼ 0: ð25Þ
Then all the ﬁelds approach to inﬁnite. That is, Eq. (25) is the char-
acteristic equation of resonant frequency of the thick-walled FG
sandwich cylindrical structure under the radial vibration.
It should be noted here that if we set x = 0, the presented solu-
tion is the degenerated to that for the sandwich cylindrical struc-
ture subjected to the static pressures at the internal and external
surfaces.
4. Numerical results
In this section, we ﬁrst examine the validity of the presented
solution. The results for internally pressurized functionally graded
hollow cylinder are shown in Fig. 2. In this example, Young’s mod-
ulus in whole cross section obeys the following relations [24]
EðrÞ ¼ Ein þ ðEou  EinÞ r
j  aj
b aj : ð26Þ
where Ein and Eou stand for Young’s moduli at the internal and
external surfaces, respectively. In the calculation, all the computa-
tion parameters are same as those employed in Ref. [24]. Fig. 2
shows that the present results agree well with those reported in
Fig. 7(a) by Li and Peng [24]. The validity of the presented solution
is then veriﬁed in this respect.
Next, the presented solution will be employed to analyze the
mechanical behaviors of the thick-walled FG sandwich cylindrical
structures. The inner part is chosen as aluminum: E0 = 72.2 GPa,
t0 = 0.34 and q0 = 2700 kg/m3. The outer part is made of
Graphite-epoxy. The engineering constants of Graphite-epoxy can
be converted from Ref. [25]: Er0 = 10.3 Gpa, Eh0 = 181.0 GPa,
Ez0 = 10.3 Gpa, thr0 = 0.28, tzr0 = 0.33, tzh0 = 0.016, qr0 = 1590 kg/m3.
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Fig. 2. Distributions of the hoop stress in a pressurized FG hollow cylinder.
Table 1
Convergence study-the ﬁrst ﬁve non-dimensional resonant frequencies for a = 1.0,
b = 1.0, c = 0.5.
N Mode
1 2 3 4 5
5 1.5604 4.8864 10.1621 15.0845 19.9271
10 1.5591 4.8753 10.1712 15.1396 19.8725
20 1.5587 4.8725 10.1730 15.1529 19.8619
50 1.5586 4.8718 10.1734 15.1565 19.8591
100 1.5586 4.8716 10.1735 15.1570 19.8587
200 1.5586 4.8716 10.1735 15.1571 19.8586
Table 2
Convergence study-the ﬁrst ﬁve non-dimensional resonant frequencies for a = 0.8,
b = 1.2, c = 1.0.
N Mode
1 2 3 4 5
5 1.4694 5.4598 10.1699 15.9855 20.9650
10 1.4699 5.4359 10.1648 15.9957 20.8583
20 1.4700 5.4288 10.1612 16.0017 20.8211
50 1.4701 5.4267 10.1599 16.0037 20.8097
100 1.4701 5.4264 10.1597 16.0040 20.8081
200 1.4701 5.4263 10.1596 16.0040 20.8077
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are introduced as
U ¼ u
b
; Rr ¼ rrC0 ; Rh ¼
rh
C0
; X ¼ x
x0
;
n ¼ r
b
; n1 ¼
r1
b
; n2 ¼
r2
b
; s ¼ a
b
;
qa ¼
Qa
C0
; qb ¼
Qb
C0
; x0 ¼ 1b
ﬃﬃﬃﬃﬃ
C0
q0
s
; C0 ¼ cð1Þ11 :
ð27Þ
In the following calculation, the geometric parameters are ﬁxed as
s = 0.6, n1 = 0.7 and n2 = 0.9. Fig. 3 shows the sensitivity of the gradi-
ent parameters a, b and c on the variation forms of c22/C0 in the FG
interlayer. It shows that a wide range of adjustment of the variation
forms of the material properties can be achieved by changing the
gradient parameters. The convergence studies of the resonant fre-
quency for two sets of gradient parameters are shown in Tables 1
and 2. It can be seen that the ﬁrst ﬁve resonant frequencies con-
verge rapidly with the increase of N. To guarantee the accuracy,
N = 200 is employed in the following analysis. The resonant fre-
quencies as functions of c for the ﬁrst three modes are depicted
in Fig. 4. We notice that the resonant frequencies for the ﬁrst mode
increase with the increase of c, while it is on the contrary for the
second and third modes. For the ﬁrst and third modes, the resonant
frequencies for (a = 1.0, b = 1.0) are in the middle of those for
(a = 0.8, b = 1.2) and (a = 1.2, b = 0.8) while it is not always the fact
for the second mode. Fig. 5 shows the distributions of the radial dis-
placement, radial and hoop stresses for the internally pressured
thick-walled FG sandwich cylindrical structures with c = 1.0,0.70 0.75 0.80 0.85 0.90
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Fig. 3. Variation form of c22/C0 for different values of gradient parameters in the
FGM interlayer.
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Fig. 4. Resonant frequencies as functions of c (a) the ﬁrst mode; (b) the second
mode; (c) the third mode.qa = 1.0, qb = 0 and X = 1.0. A discontinuous jump in hoop stress
can be observed in Fig. 5c at the inner interface (n = 0.7) for
a = 1.2 and at the outer interface (n = 0.9) for b = 1.2. For the case
a = 1.0 and b = 1.0, the hoop stress changes continuously in whole
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Fig. 5. Distributions of the elastic ﬁelds for internally pressured case with c = 1.0,
qa = 1.0 and X = 1.0 (a) radial displacement; (b) radial stress; (c) hoop stress.
122 H.M. Wang, Y.K. Wei / Results in Physics 2 (2012) 118–122cross section. This means that the material properties match well at
two interfaces is a beneﬁt in improving the mechanical properties
of the composite structures by using the FG interlayer.
5. Conclusions
This investigation deals with the dynamic behaviors of a thick-
walled sandwich cylindrical structure with a FG interlayer. Bymeans of the three-parameter model and the laminate approach
method, the effect of the material nonhomogeneity on the
mechanical behaviors is investigated. Based on the numerical re-
sults, we notice that the material nonhomogeneity has more signif-
icant effect on the hoop stress than that on the radial stress. The
resonant frequencies of high-order mode are more sensitive to
the material nonhomogeneity.
By employing the different values of the gradient parameters in
the presented three-parameter model, the comprehensive param-
eter analysis can be performed. Potential applications of the pre-
sented solution can be found in designing the high performance
functionally graded cylindrical structures for the special engineer-
ing requirements.Acknowledgement
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